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Section S1. Carrier lifetime enhancement due to indirect bandgap. To quantify the effect of indirect gap and spin splitting on the carrier lifetime, we compute the averaged carrier recombination rate from the first-principles band structures. The averaged recombination rate for a single spin species is
where , −1 ( ) = , ( ) , ( ) , ( ) is the band (c and v)-and momentum (k)-resolved recombination rate for spin species s. For simplicity, the rate constant , is fixed to be independent of k near the band edges, and is set to be the same for both spin species. The electron and hole occupation numbers, , ( ) and , ( ) are assumed to follow the FermiDirac distributions. When there is an indirect band gap, the electron and hole Fermi functions peak at different k points, suppressing the recombination rate. To obtain a measure of the overall recombination rate, we perform a weighted average of the spin-up and spin-down recombination rates
where is the number of carriers of spin s. We compute the recombination rates for low-energy structures at different La doping concentrations (Fig. 4C ). As the La concentration is increased from 0 to 18.75%, we find that the band gap becomes more indirect. Consequently, the carrier recombination rate at La concentration of 18.75% is heavily suppressed and the lifetime significantly enhanced (Fig. 4C) . reports. At high-temperature, the P -E loops blow up due to the contribution from leakage.
However, it doesn't affect the determination of coercive fields. Tauc's rule (30, 54) . First, the data were reformulated by plotting ℎ 1/ versus (ℎ − ).
Then the linear regions that satisfy different transition types n (n = 1/2 for direct-allowed, 3/2 for direct-forbidden, 2 for indirect-allowed transitions, respectively) can be determined. The beginning of the absorption spectra can be fitted additionally using Urbach empirical rule(55, 56)
where α0 is a constant and Eu is the Urbach energy that characterizes the shallow traps and disorders in the material. In pure BFO, direct transitions dominate the band-edge electronic transitions. With increasing La substitution, the spectral weights of the indirect electronic transitions are greatly enhanced. 
